Abstract: We demonstrate that the Riemann zeta function zeros define the position and the widths of the resonances of the quantised Artin dynamical system. The Artin dynamical system is defined on the fundamental region of the modular group on the Lobachevsky plane. It has a finite volume and an infinite extension in the vertical direction that correspond to a cusp. In classical regime the geodesic flow in the fundamental region represents one of the most chaotic dynamical systems, has mixing of all orders, Lebesgue spectrum and non-zero Kolmogorov entropy. In quantum-mechanical regime the system can be associated with the narrow infinitely long waveguide stretched out to infinity along the vertical axis and a cavity resonator attached to it at the bottom. That suggests a physical interpretation of the Maass automorphic wave function in the form of an incoming plane wave of a given energy entering the resonator, bouncing inside the resonator and scattering to infinity. As the energy of the incoming wave comes close to the eigenmodes of the cavity a pronounced resonance behaviour shows up in the scattering amplitude. 
The non-compact fundamental region F of a finite area π/3 is represented by the hyperbolic triangle ABD. The vertex D is at infinity of the y axis and corresponds to a cusp. The edges of the triangle are the arc AB, the rays AD and BD. The points on the edges AD and BD and the points of the arks AC with CB are identified by the transformations w = z + 1 and w = −1/z in order to form a closed non-compact surfaceF of sphere topology by "gluing together" the opposite edges of the modular triangle [19] .
Introduction
Hyperbolic systems have exponential instability of their trajectories and as such represent the most natural chaotic dynamical systems [7] . Of special interest are systems which are defined on closed surfaces of the Lobachevsky plane of constant negative curvature. An example of such system was introduced in 1924 by the mathematician Emil Artin [1] . The dynamical system is defined on the fundamental region of the Lobachevsky plane which is obtained by the identification of points congruent with respect to the modular group Γ = SL(2, Z), a discrete subgroup of the Lobachevsky plane isometries [2] [3] [4] . The fundamental region F in this case is an infinitely long non-compact hyperbolic triangle of finite area shown in Fig.1 . The geodesic trajectories are bounded to propagate on the fundamental region and represent one of the most chaotic dynamical systems with exponential instability of its trajectories, mixing of all orders, Lebesgue spectrum and non-zero Kolmogorov entropy [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] .
In a recent article [19] the authors investigated the behaviour of quantummechanical correlation functions of the quantised Artin system [20] . The solution of the time-independent Schrödinger equation Hψ = Eψ
group in the fundamental regionF shown in Fig. 1 is:
and it is defined by the Maass non-analytical automorphic function [22, 25-31, 34, 35] . One important novelty introduced in the article [19] was the representation of the Maass wave function [22] in terms of the natural physical variableỹ which represents the distance in the vertical direction of the Lobachevsky plane dy/y = ln y =ỹ and of the corresponding momentum p [19] . This allows to represent the energy eigenfunctions obtained by Maass in the form which is appealing to the physical intuition [19] :
is a product of Riemann zeta and gamma functions, K is the modified Bessel's function
and
The first two terms of the wave function (1.3) describe the incoming and outgoing plane waves. The plane wave e −ipỹ incoming from infinity of the y axis on Fig. 2 , the vertex D, elastically scatters on the boundary ACB of the fundamental triangle F. The reflection amplitude is a pure phase and is given by the expression in front of the outgoing plane wave e ipỹ :
The rest of the wave function describes the standing waves cos(2πlx) in the x direction between the boundaries x = ±1/2 with the amplitudes K ip (2πleỹ), which are exponentially decreasing with index l. The continuous energy spectrum is given by the formula [19] 
In physical terms the system can be described as a narrow infinitely long waveguide stretched out to infinity along the vertical dierection and a cavity resonator attached
to it at the bottom ACB (see Fig.3 ). In order to support this interpretation we shall calculate the area of the fundamental region which is below the fixed coordinate 9) and confirm that the area above the ordinateỹ 0 is exponentially small: e −ỹ 0 . The horizontal ( dy = 0) size of the fundamental region also decreases exponentially in the vertical direction:
One can suggest therefore the following physical interpretation of the Maass wave function (1.3): The incoming plane wave e −ipỹ of energy
enters the "cavity resonator", bouncing back into the outgoing plane wave at infinity e ipỹ . As the energy of the incoming wave E = p 2 + 1 4
becomes close to the eigenmodes of the cavity resonator one should expect a pronounced resonance behaviour of the scattering amplitude.
To trace such behaviour let us consider the analytical continuation of the Maass wave function (1.3) to the complex energies E. The analytical continuation of the scattering amplitudes as a function of the energy E considered as a complex variable allows to establish important spectral properties of the quantum-mechanical system. In particular, the method of analytic continuation allows to determine the real and Figure 3 . The system can be described as a narrow (1.10) infinitely long waveguide stretched to infinity along the vertical dierection and a cavity resonator attached to it at the bottom ACB.
complex S-matrix poles. The real poles on the physical sheet correspond to the discrete energy levels and the complex poles on the second sheet below the cut correspond to the resonances in the quantum-mechanical system [36] .
Indeed, the asymptotic form of the wave function can be represented in the following form: 11) and to make the functions A(E) and B(E) single-valued one should cut the complex plane along the real axis [36] starting from E = 1/4. The complex plane with a cut so defined is called a physical sheet. To left from the cut, at energies E 0 < 1/4, the wave function will take the following form: 12) where the exponential factors are real and one of them decreases and the other one increases atỹ → ∞. The bound states are characterised by the fact that the corresponding wave function tends to zero at infinityỹ → ∞. This means that the second term in (1.12) should be absent, and a discrete energy level E 0 < 1/4 corresponds to a zero of the B(E) function [36] :
Because the energy eigenvalues are real, all zeros of B(E) on the physical sheet are real. Now consider a system which is unstable and therefore does not have a pure discrete spectrum, the motion of the system is unbounded and the energy spectrum is continuous [36] . The energy spectrum is quasi-discrete, consisting of smeared levels of a width Γ. In describing such states one should consider the wave functions which are diverging at infinity, describing a wave packet moving to infinity. Thus the boundary condition at infinity requires the presence of only outgoing waves. This boundary condition involves complex quantities and the energy eigenvalues in general are also complex [36] . With such boundary conditions the Hermitian energy operators can have complex eigenvalues of the form [36] 
where E 0 and Γ are both real and positive. The condition which defines the complex energy eigenvalues (1.14) lies in the requirement that at E = E 0 − i Γ 2 the incoming wave e −ipỹ in (1.11) is absent [36] :
is located under the right hand side of the real axis, see Fig.4 . In order to reach that point without leaving the physical sheet one should move from the upper side of the cut anticlockwise. However in that case, the phase of the wave function changes its sign and the outgoing wave transforms into the incoming wave. In order to keep the outgoing character of the wave function one should cross the cut strait into the second sheet Fig.4 . Expanding the function B(E) near the quasi-discrete energy level (1.14) as B(E) (1.16) and the S-matrix will take the following form [36] 17) where e 2iδ 0 = b * /b. One can observe that moving throughout the resonance region the phase is changing by π.
Let us now consider the asymptotic behaviour of the wave function (1.3) at largẽ y. The conditions (1.13) and (1.15) of the absence of incoming wave takes the form:
and due to (1.4):
The solution of this equation can be expressed in terms of zeros of the Riemann zeta function [21] :
Thus one should solve the equation
The location of poles is therefore at the following values of the complex momenta
and at the corresponding complex energies (1.8) :
Thus one can observe that there are resonances (1.14)
at the following energies and of the corresponding widths (1.23):
The ratio of the width to the energy tends to zero [21] :
and the resonances become infinitely narrow. The ratio of the width to the energy spacing between nearest levels is
As far as the zeros of the zeta function have the property to "repel", the difference u n+1 − u n can vanish with small probability [32, 33] . Thus one can conjecture the following representation of the S-matrix (1.7):
( 1.28) with yet unknown phases δ n . In order to justify the above representation of the S-matrix we shall try to find the location of the poles on the second Riemann sheet by using expansion of the S-matrix (1.7) at the "bumps" which occur along the real axis at energies
The expantion will take the following form:
where
and all quantities E n , Γ n /2 and δ n are real. Let us consider the first ten zeros of the zeta function which are known numerically [32, 33] . Using that information one can calculate the position of the resonances and their widths (1.25) . In the Table 1 we present the values of energies and the widths of the resonances given by exact formula (1.25). In Table 2 the energies and widths are calculated using the approximation formulas (1.31). As one can see the approximation is consistent with the exact values within the two precent deviation. 
